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INTRODUCTION
Conical intersections ͑CIs͒ have been shown to play an essential role in the radiationless decay processes involved in photochemistry. [1] [2] [3] [4] [5] [6] [7] [8] At the simplest level, a conical intersection appears as a funnel in the two coordinates that lift the degeneracy. However, we know that an intersection is in fact a hyperline, i.e., a (3NϪ8)-dimensional space where (3N Ϫ6) is the number of vibrational degrees of freedom, and that the ''conical intersections'' we optimize with gradientdriven algorithms are critical points in this (3NϪ8)-dimensional space. In the many examples we have studied to date, we have usually been able to infer that these optimized conical intersection points are minima in the intersection space ͑IS͒, but until now we have not been able to prove this by doing a frequency calculation, in the way that one can for a single Born-Oppenheimer surface. Now that on-the-fly dynamics is possible, [9] [10] [11] [12] [13] computations are beginning to explore the nature of the intersection hyperline away from its minimum and show that these higher-energy regions of a conical intersection hyperline can be chemically significant. Furthermore, algorithms have been developed to map out ͑minimum-energy path͒ segments of the hyperline explicitly. 14 The purpose of this paper is to show that one can develop an equation for the energy as a function of a set of curvilinear coordinates where the degeneracy is preserved to second order ͑i.e., the conical intersection hyperline͒. The curvature of the potential-energy surface in these coordinates is the curvature of the conical intersection hyperline itself, and thus determines whether one has a minimum or saddle point on the hyperline. The resulting equation used to classify optimized conical intersection points depends in a simple way on the first-and second-order degeneracy splittings calculated at these points.
In general terms, we propose a treatment of the (3N Ϫ8)-dimensional hyperline analogous to the one used for the characterization of Born-Oppenheimer surfaces, where stationary points are classified as minima or saddle points with the help of the nuclear Hessian. One immediate application is to the characterization of symmetry-restricted, optimized points of conical intersection. Thus for an optimized CI structure of a given symmetry, we are able to predict whether there are related ''CI points'' ͑i.e., critical pointsmaxima and minima-lying on the same conical intersection hyperline͒, which may have lower symmetry and lower energy. As a demonstration, we will characterize the optimized S 0 /S 1 critical points on the conical intersection hyperline of fulvene. 15 We will show that there are several CI critical points of different symmetry (C 2v , C s , and C 2 ) that are minima or saddle points on the conical intersection hyperline. With the methodology that will be described in subsequent sections, we have characterized the C 2 CI of fulvene as the global minimum of the intersection space for the first time, and have rationalized the interconnection of the different stationary points on the global potential-energy surface. In the future, these techniques can be combined with methods already developed 14 to document minimum-energy paths ͑intrinsic reaction coordinates͒ in the intersection space.
To introduce the characterization of an optimized conical intersection point, we start from the so-called ''first-order'' approach. Thus according to the von Neumann-Wigner theorem, 16 at a conical intersection, there are two degrees of freedom that lift the degeneracy at first order. This leads to the usual characterization of a conical intersection in terms of two degeneracy-lifting coordinates that form the branching space ͑BS͒, and the remaining (3NϪ8)-dimensional intersection space coordinates.
The degeneracy at a crossing point can also be lifted at second order. However, we can choose a coordinate system in which to mix the branching and intersection space coordinates to remove this splitting and preserve the degeneracy to second order. These new coordinates are curvilinear rather than rectilinear. We are interested in the curvature of the potential-energy surface in these coordinates, since this gives the curvature of the conical intersection hyperline and determines whether one has a minimum or saddle point on the hyperline.
As we will show, this second-order analysis can be carried out starting from the intersection space Hessians, after elimination of the branching space coordinates by projection. The gradient is zero in the intersection space at an optimized ͑stationary͒ point on a conical intersection hyperline, and the diagonalization of the Hessian yields (3NϪ8) vibrational frequencies. However, we have two Hessians in the intersection space and thus two sets of vibrational frequencies; one for each of the two degenerate components. In the simple ''first-order'' picture, we assume that the two intersecting states will have identical Hessians. However, as we will show, the Hessians of the two states are different because of second-order effects. The two surfaces split as one moves away from the optimized CI point along intersection space coordinates ͑second order͒ as well as along the branching space coordinates ͑first order͒. As we shall discuss, this situation is analogous to the well-known Renner-Teller picture for a linear molecule. In order to preserve the degeneracy of the conical intersection correct to second order, the conical intersection hyperline must bend as the branching and intersection space coordinates mix along a curvilinear coordinate. Thus, at second order, the analysis of the Hessian in the intersection space demonstrates how these effects change the usual first-order picture.
We proceed now to a mathematical development before illustrating the central concepts and demonstrating that the method can yield new results using fulvene as an example. The next two parts of the paper have been written so that they can be read in any order.
QUADRATIC REPRESENTATION OF THE POTENTIAL-ENERGY SURFACE IN THE REGION OF A CONICAL INTERSECTION
From a practical point of view, we start with the Hessians of the two degenerate states at an optimized conical intersection point. We use an initial set of branching and intersection space coordinates that are assumed to have come from the diagonalization of these Hessians. Our development will be based on a ͑simplified͒ Taylor expansion ͑to second order͒ taken over from the spectroscopically oriented treatment of conical intersections. [17] [18] [19] The conical intersection line itself, correct to second order, becomes a paraboloid or a hyperboloid. Consequently, the characterization of the conical intersection line correct to second order requires curvilinear coordinates, which are nonlinear combinations of the branching and intersection space coordinates. The curvature of the conical intersection hyperline is therefore determined by the second derivatives with respect to these curvilinear coordinates.
The degeneracy is lifted in first-order nuclear displacements via the branching space coordinates; the gradient difference ͑GD͒ vector ͓Eq. ͑1a͔͒ and the interstate coupling vector ͓Eq. ͑1b͔͒,
where is a vector of Cartesian displacements, ⌿ A and ⌿ B are the adiabatic electronic wave functions, and Ĥ e is the clamped nucleus electronic Hamiltonian operator. ͑These two vectors are used in algorithms for locating optimized points on the conical intersection hyperline.
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͒ The branching space is sometimes referred to as the g-h plane. [3] [4] [5] We now introduce a set of coordinates to represent the potential-energy surface in the region of a critical point on a conical intersection seam,
The branching space is spanned by the mass-weighted gradient difference vector (Q 
The We now discuss the interpretation of the first-and second-order terms and ␥ i j I , i j AB , respectively, with the help of the partition of V ͓Eq. ͑3͔͒. The first-order part of V, V 1 , contains the first-order terms . It is clear that for any displacement in the branching space (Q x 1 ,Q x 2 ), the degeneracy is lifted ͑to first order͒ via V 1 . Notice that we assume that we are expanding about an optimized point on the conical intersection, so the gradient terms occur only in the branching space ͑gradient difference along Q x 1 and interstate coupling along Q x 2 ). For a displacement in the intersection space (Q 1 ,...,Q 3NϪ8 ), the degeneracy remains to first order but is, in general, lifted at second order through the terms in V 2 if all the ␥ i j A are not equal to the ␥ i j B and/or the i j AB are not zero. The second-order terms are partitioned in three groups: V a 2 includes effects along the branching space modes, V b 2 includes effects between the branching and intersection space modes, and V c 2 includes effects along the intersection space modes. For simplicity, we shall use
To keep the development simple, we shall now introduce some approximations. We discuss the validity of some of these approximations subsequently. First, we assume that all so-called cross-quadratic terms ␥ i j (i j) and all secondorder interstate couplings i j AB are zero. Thus, V b 2 can be neglected, and the remaining second-order parts are simplified. Of course, in general, ␥ i j A ␥ i j B so that one has different sets of eigenvectors for the two states. In practice, the eigenvectors for two states are almost identical, and it is the eigenvalues or diagonal elements that are different. The as- sumption that all ii AB terms are zero is rigorous for the fulvene example discussed below, because the so-called second-order interstate couplings are zero by symmetry. Thus, we are left with a simplified quadratic form that contains only diagonal second-order terms,
where E is a diagonal matrix with diagonal elements equal to E A 0 and E B 0 ͑energies at the conical intersection point͒. This form is useful because the gradient terms are zero in the intersection space. One can obtain new insights by carrying out a standard frequency analysis and by calculating the force constants c ␥ ii A and c ␥ ii B in this space. Let us digress at this stage and discuss the interpretation that one might make of a frequency analysis for each state within the intersection space. From a conceptual point of view, it is possible to distinguish three different cases for the frequencies that might be obtained. In the intersection space, the conical intersection behaves like a Renner-Teller intersection of a linear molecule in an orbitally degenerate state; the gradient of each state is zero, and the degeneracy is lifted quadratically. The various possibilities are shown in Fig. 1 . 22 However, interpretation of the frequency analysis within an intersection space on the basis of Fig. 1 is by no means straightforward. If the curvature of both surfaces is the same, then one is tempted to imagine that the optimized point on the conical intersection hyperline is a maximum or minimum. However, when the curvature of both surfaces in the intersection space is different, there is no obvious way to guess the curvature of the conical intersection hyperline itself. The conceptual problem is resolved only when one moves from rectilinear coordinates to curvilinear coordinates.
Before these curvilinear coordinates are expressed mathematically, we develop this idea intuitively as a combination of first-and second-order degeneracy-lifting effects. As we have just discussed in Fig. 1 , an infinitesimal displacement ␦Q IS along one of the intersection space coordinates produces a splitting of the surfaces equivalent to the difference between the two eigenvalues ͑see also the left-hand side of Fig. 2 , where the effect is shown using finite displacements͒.
However, a subsequent infinitesimal displacement ␦Q BS along a branching space coordinate, namely, the gradient difference, can eventually recover the degeneracy by bringing the energies of the two states together again. Thus, the new degeneracy-retaining coordinate is realized as a combination of the two displacements, and a new set of degeneracyretaining coordinates can be defined as combinations of one intersection space and one branching space coordinate ͑the gradient difference͒.
CHARACTERIZATION OF THE SEAM: DEFINITION OF A CURVILINEAR COORDINATE SYSTEM AND CALCULATION OF THE SEAM CURVATURE
Our purpose in this section is to develop the working equations for the characterization of the conical intersection using the simplified quadratic form developed previously ͓Eq. ͑8͔͒. After diagonalization of V, the energies of the two states can be expressed as
Thus the energy difference between the two states is 
In this expression, it is clear that the energy splitting between the intersecting states comes from first-order effects along the branching space coordinates x 1 and x 2 and from quadratic second-order effects along all coordinates. Moreover, by assuming that all cross-quadratic terms ␥ i j (i j) between branching and intersection space coordinates are zero and that second-order interstate couplings i j are zero, we have the tacit assumption that all energy splittings that appear as differences in the eigenvalues of the two intersection space Hessians come from differences in the force constants of the two states within the intersection space itself. We now proceed to derive the equation for the conical intersection hyperline correct to second order. We begin by setting the energy difference in Eq. ͑10͒ to zero. This gives the condition for the curvilinear coordinates that retain the energy degeneracy. These coordinates are used to obtain an expression for the energy of the seam as a function of the curvilinear coordinates ͕t i ͖. This expression is finally used to characterize the seam by its second derivatives,
For our remaining analysis, we introduce one more simplification, namely, we neglect the quadratic splittings along the branching space modes, a ␦␥ i . In fact, the inclusion of these terms would complicate the following development but does not change the conclusions. As we will show, the a ␦␥ i terms affect the magnitude of ‫ץ(‬ 2 E/‫ץ‬t i 2 ) t i ϭ0 but not its sign, which is our main point of interest ͑see Appendix for the details of including a ␦␥ i ). Neglecting the a ␦␥ i splitting and setting the energy difference ͓Eq. ͑10͔͒ to zero, one obtains Eq. ͑11͒,
From Eq. ͑11͒, the curvilinear coordinates ͕t i ͖ will be combinations of the intersection space coordinates with the gradient difference vector. ͑If the second-order interstate coupling is included, then the interstate coupling coordinate of the branching space mixes as well.͒ Thus Eq. ͑11͒ is simplified to
Thus, the equation of the seam is a paraboloid. There are (3NϪ8) solutions to this equation, which are linear combinations of the (3NϪ8) linearly independent intersection space modes with the Q x 1 coordinate ͑gradient difference͒. Each curvilinear coordinate t i is obtained as a solution to Eq. ͑13͒,
We proceed by writing Eq. ͑13͒ as a function of the parameter t.
.
͑15͒
The expression for the energy of one of the states along the Q x 1 and Q i coordinates is obtained from Eq. ͑9͒ and is
Substituting from Eqs. ͑15͒ and ͑16͒ we have
gives the energy of the states along a degeneracy-retaining coordinate t i . We refer to it as the energy of the intersection seam ͑hyperline͒ along the curved coordinate t i . The expression required to characterize the hyperline is then
The superscript c from the ␥ terms has been omitted for clarity, but it should be clear that the terms refer to the branching space coordinate ͑the gradient difference in the fulvene example͒ and the ␥ terms refer to the intersection space coordinates. This gives us a working equation for the analysis of the curvature of the intersection hyperline that arises from second-order effects in the intersection space and from first-order effects along the branching space coordinates. At this stage, we need to consider the effect of a transformation of the two degenerate wave functions at the conical intersection ͑see Ref. 23 
COMPUTATIONAL DETAILS
Calculations were done at the complete active space self consistent field ͓CASSCF͑6,6͒/cc-pVDZ͔ level of theory with a development version of GAUSSIAN99. 24 The stateaveraged Hessian was computed for both roots of the degenerate state-averaged CASSCF wave function. The branching space was mass weighted and projected from each Hessian to yield two (3NϪ8)-dimensional Hessians.
For every critical point, the normal coordinates of the two degenerate states were matched with each other by projecting one set upon the other. For the two critical C 2v intersection points of fulvene the normal coordinates of each surface were parallel to each other to within 1°or 2°. This is equivalent to an accuracy of around two decimal places in the Cartesian displacement vectors. We are therefore confident that the set of coordinates used was sufficiently accurate to map out the seam of intersection qualitatively.
The valence-bond resonance structures for each component of the degenerate electronic state at all of the optimized intersections were obtained from the spin-exchange density using localized orbitals. 25 See Ref. 26 for details.
APPLICATION: ANALYZING THE S 0 ÕS 1 SEAM IN FULVENE
The photophysics of fulvene is characterized by a lack of fluorescence, which indicates fast internal conversion of the excited state to the ground state via a conical intersection. 27 In a previous CASSCF study, two distinct critical points on the S 0 /S 1 conical intersection seam were located: 15 in CI plan , the methylene group lies in the plane of the ring, and in the other structure, CI perp , the methylene group is perpendicular to the plane. Both structures have C 2v symmetry, but CI perp lies approximately 8 kcal mol Ϫ1 below CI plan ͑Table I͒. The original CASSCF study of the potential-energy surfaces was complemented by a molecular mechanics valencebond ͑MMVB͒ dynamics study where the point of decay to the ground state was analyzed for many trajectories. The trajectories were found to decay at all methylene torsion angles, suggesting that the two conical intersection critical points of C 2v symmetry are interconnected by a continuous seam of intersection along the methylene torsion coordinate. 15 ͑This was the first such example we studied.͒ We are now finally in a position to determine the curvilinear hyperline coordinate that connects the planar and twisted intersection points. Our results show that this curvilinear coordinate is composed of the torsion and bond-inversion stretching ͑gradient difference͒ coordinates, shown in Fig. 3 in bold. Torsion alone does not preserve the degeneracy, and the variation in mixing with the gradient difference along the seam leads to the curvature of the seam shown in Fig. 3 .
We have characterized the two CI critical points of C 2v symmetry located previously as saddle points in the intersection space using Eq. ͑18͒. Table II shows ͑as we explain fully below͒ that the curvature of the CI hyperline at CI plan is negative either when the torsion mode and the gradient difference are combined to produce the curvilinear coordinate or when the pyramidalization mode and the gradient difference mode are combined. Thus, there should exist lowerenergy CI critical points on the hyperline along these curved coordinates, and indeed, we find that the ''global minimum'' of the intersection space is a structure of C 2 symmetry (CI 63 ) with a torsion angle of 63°that we had never located-or thought to look for-in our previous work.
The relative energies of the critical points ͑minima of the S 0 and S 1 states and optimized conical intersection points͒ are summarized in Table I , and the relevant geometric parameters are given in Table III . The relevant frequencies obtained from the intersection space Hessian calculation for the conical intersections of C 2v symmetry are listed in Table IV . ͑The full list of frequencies appears in EPAPS supporting information. 28 
͒
The vibrational frequencies of the intersection space modes ͑i.e., the rectilinear coordinates tangent to the curvilinear seam at the optimized CI͒ can be understood in terms of valence-bond representations of the components of the degenerate electronic state. These modes have Renner-Teller topologies ͑Fig. 1͒ and it is these second-order splittings that result in the seam curvature. We now discuss these secondorder splittings in detail for the two C 2v optimized CI critical points.
We start our analysis with the planar structures of C 2v symmetry ͑Fig. 4͒. At the Franck-Condon geometry, the ground state has A 1 symmetry, while the lowest singlet excited state (S 1 ) has B 2 symmetry. The valence-bond structures for the two states are shown in Fig. 4 . The ground state has a closed-shell structure with three localized double bonds, whereas the excited state has a diradical structure. The planar conical intersection of C 2v symmetry has a sloped 1 topology along the gradient difference, which corresponds to symmetric bond-length inversion ͑recoupling or exchange of the single and double bonds͒. The interstate coupling is an antisymmetric stretch of the C-C bonds.
From our intersection space Hessian calculation, we obtain the ''frequencies'' along the rectilinear intersection space coordinates. The second-order splittings are less than 300 cm Ϫ1 ͑RT-I profiles, see Fig. 1͒ for all modes except two. These modes are documented in Table IV and correspond to the methylene pyramidalization of b 1 symmetry and the methylene torsion of a 2 symmetry. These two modes have real frequencies for the A 1 state ͑i.e., positive curvature of the surface along those modes͒, but have imaginary values for the B 2 state ͑negative curvature͒, corresponding to RT-IItype profiles ͑see Fig. 1͒ .
One can rationalize the different signs of the curvature for the two states using the valence-bond structures shown in Fig. 4 . In the A 1 state, there is a bond between C 1 and C 6 and the pyramidalization and torsion modes have real frequencies. In contrast to this, in the B 2 state, the methylene group carries an uncoupled electron ͑i.e., a radical͒ and the energy is lowered by the same modes ͑i.e., imaginary frequencies͒.
Due to the different signs of the curvatures, there is a substantial second-order splitting along these modes. The degeneracy-retaining, curvilinear coordinates ͕t i ͖ are combinations of these modes with the gradient difference coordinate. Substituting the computed gradients and curvatures at the intersection in Eq. ͑18͒, we calculate the value of ‫ץ(‬ 2 E s (t i )/‫ץ‬t i 2 ) t i ϭ0 ͑see Table II͒ . In both cases, for CI plan we obtain negative second derivatives ͑for the remaining modes we obtain only positive second derivatives͒ for the curvature along the curvilinear coordinate t i . Thus, CI plan is the analog of a second-order saddle point in the intersection space ͑i.e., on a hyperline͒. Displacement along a combination of the bond inversion ͑gradient difference͒ and methylene torsion coordinate lowers the energies of the two states but preserves the degeneracy. The same applies for the combination of pyramidalization and gradient difference coordinates. Along the curved methylene torsion plus gradient difference coordinate, we have optimized a lower-lying intersec- Table II .
To complete our analysis of the CI hyperline, we have calculated the Hessians at the twisted intersection of C 2v symmetry, CI perp . In this case, the two degenerate states have A 2 and B 1 symmetries, and correlate with the A 1 and B 2 states at the planar intersection, respectively. Similar to the results for the planar intersection, at the twisted intersection of C 2v symmetry, there is substantial second-order splitting ͑RT-II-type profile͒ along the methylene torsion and pyramidalization modes ͑of a 2 and b 1 symmetries respectively͒ ͑see Table IV͒ . However, the curvature of the A and B states along the rectilinear intersection space coordinates is reversed compared to CI plan . The large imaginary frequency for the A 2 state along the torsion mode comes from the C 1 -C 6 bond for that state, and the gradient difference coordinate corresponds, as in the case of the planar intersection, to the symmetric bond inversion. Using Eq. ͑18͒, we find a negative sign for ‫ץ(‬ 2 E s (t i )/‫ץ‬t i 2 ) t i ϭ0 along the curved coordinate of combined bond inversion and torsion, and a positive sign along the one that contains the methylene pyramidalization ͑Table II͒. Thus, CI perp is a first-order saddle point on the CI hyperline. This critical point connects the twisted intersection CI 63 with its analog CI 63 Ј ͑torsion angle 117°) and lies approximately 2 kcal mol Ϫ1 above them ͑see the energetics of Table I͒. To summarize, our CI hyperline analysis for the two conical intersections of C 2v symmetry gives RT-II-type profiles along the methylene torsion and pyramidalization modes for both structures. These are the only two modes that give a large second-order splitting at these points. While there is no intuitive way of guessing whether a lowering of symmetry along these modes will lead to lower-energy conical intersection structures, with the help of Eq. ͑18͒ it is possible to predict this behavior.
We now discuss how the computed curvature of the hyperline-together with the first-and second-order parameters collected in Table II -can be used to produce a global ''cartoon'' of the two potential surfaces ͑Figs. 3 and 5͒ showing the seam of intersection. Figure 5 shows a onedimensional representation of the seam along the curvilinear coordinate composed of the methylene torsion/bond inversion. The curvilinear coordinate is projected onto the torsion angle and the profile corresponds to half a rotation of the methylene group (180°). The C 2v structures (ϭ0°, 90°, and 180°) are maxima along this curvilinear coordinate, whereas the C 2 structures (ϭ63°and 117°) are minima. Figure 3 is a two-dimensional cartoon of the S 0 and S 1 surfaces in the space of one rectilinear intersection space coordinate, the torsion, and the bond-inversion coordinate ͑gradi-ent difference͒. This cartoon illustrates the curvatures of the two states at the two critical points of C 2v symmetry. From  Fig. 3 , it is clear that the seam of intersection lies along a curved line, a combination of the bond stretching and methylene torsion coordinates. Along the path from CI plan to CI perp ͑through CI 63 ), the bond lengths change progressively, following the bond-inversion coordinate. This is shown by the bond lengths in Table III ͑stretching of the C 1 -C 2 , C 1 -C 5 , and C 3 -C 4 bonds and contraction of C 1 -C 6 , C 2 -C 3 , and C 4 -C 5 ). At the same time, the gradient difference coordinate changes along the seam. It is purely bond inversion at the C 2v structures ͑where the gradient along the methylene torsion is zero͒, but it has a torsion component all along the seam ͑cf. the gradient difference at the C 2 minimum, Fig. 6͒ . Thus, the two rectilinear coordinates mix along the CI hyperline.
In a similar manner, the path connecting the CI plan and CI pyr also contains the bond-inversion coordinate, but gradually gains a pyramidalization component along the curvilinear seam. See Fig. 7 for the gradient difference coordinate at the optimized intersection CI pyr .
To summarize, the branching and intersection space coordinates provide a rectilinear set of orthogonal coordinates that can be used to characterize the curvilinear conical intersection seam. The rectilinear coordinates are tangent to the curved seam at any optimized critical point on the CI seam. Using Eq. ͑18͒ above allows the determination of the curva- ture of the seam at these points and predicts whether or not there are any lower-lying CI critical points. In fulvene, we have shown that the two previously found points of C 2v symmetry are in fact first-and second-order saddle points on the CI hyperline and accordingly there exist two minima on the hyperline that had not been found previously.
CONCLUSIONS
Our CI hyperline analysis of fulvene has shown that at the optimized conical intersections of C 2v symmetry, there are substantial second-order splittings associated with Renner-Teller type-II profiles along some vibrational coordinates. These second-order splittings along the rectilinear intersection space coordinates can be readily rationalized in terms of a valence-bond representation of the degenerate states. The rectilinear branching and intersection space coordinates are tangent to the seam of intersection at any optimized CI critical point; however, they can be used to determine the local curvature of the seam. In fulvene, this analysis was used to show that the C 2v CI critical points found in a previous study are in fact first-and second-order saddle points on the hyperline. Our new methodology predicts the curvilinear seam coordinate that retains the degeneracy and leads to the minima on the hyperline, which we have optimized for the first time.
Our analysis presented above remains valid as long as the cross-quadratic terms c ␦␥ i j and i j AB (i j) are zero. In that case, the coordinates that compose the (3NϪ8)-dimensional degenerate space only have to be redefined as the curvilinear coordinates t i . This is not valid anymore when there are large cross-quadratic terms, i.e., displacements along two curved coordinates t i and t j will not retain degeneracy. In our analysis, we cannot identify the cross-quadratic terms directly, but their effect can be seen on the eigenvectors of the intersection space Hessian ͑the rectilinear ''normal modes'' of the intersection space͒, that will be significantly different for the Hessians of the two states. In these cases, one should consider that the degenerate space at the conical intersection has a lower dimension than (3N Ϫ8). Future work will consider the application of the above methodology to cases with no symmetry when this effect may occur.
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APPENDIX: MODIFIED HYPERLINE CURVATURE
In this Appendix we give a calculation of the second derivative of the hyperline with the inclusion of a ␦␥ 1 terms ͑second-order splitting along the gradient difference͒. Equation ͑13͒, which is used to determine the curved coordinate t i becomes ␦Q 
